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ABSTRACT: The exact shape of wave functions has never been directly measured because an ensemble
measurement is often overwhelmed by the contributions of highly populated conﬁgurations. In this work,
we explore the possibility of directly obtaining vibrational wave functions by single-object scattering
sampling (SOSS) using intense, ultrashort X-ray pulses provided by X-ray free electron lasers. Previously,
single-molecule diﬀraction experiments using femtosecond X-ray pulses have been proposed with the
prospect of determining three-dimensional structure of macromolecules without the need of single-crystal
samples. In contrast to the previous proposals, SOSS is designed for obtaining the structural variations of
constantly ﬂuctuating molecules by sampling many single-shot, single-object scattering patterns. From the
simulations on iodine molecules adopting various pulse characteristics and molecular parameters, we were able to reconstruct
vibrational wave functions of molecular iodine and found that SOSS is feasible under appropriate experimental conditions.
SECTION: Molecular Structure, Quantum Chemistry, and General Theory
molecule continuously ﬂuctuates by changing its
molecular structure. Such ﬂuctuations include vibration,
rotation, bond dissociation, and bond formation, which are
important for understanding chemical and physical properties
of an object. Nevertheless, the exact shape of the structural
phase space spanned by such structural ﬂuctuations is highly
elusive and has not been experimentally measured even for a
simple molecule. This diﬃculty arises because a typical signal
measured for a bulk sample contains contributions from all
available structures mixed together. Single-molecule measurements may not suﬀer this ensemble average problem, but most
common single-molecule techniques cannot capture the
ﬂuctuation of molecular structure due to the lack of either
spatial or time resolution.1−5 To overcome these problems that
obstruct the direct probing of structural ﬂuctuations, we here
examine the feasibility of a novel single-molecule experimental
scheme, which was proposed earlier by our group.6 Our
strategy is quite straightforward. First, we choose to use X-ray
or electron diﬀraction as a probe because direct structural
information needs to be extracted from single-molecule
measurement. Second, the probe should be in the form of a
suﬃciently short pulse so that an instant of fast structural
ﬂuctuation can be captured as if the molecule is frozen in time.
Third, each probe pulse should be intense enough so that the
single-molecule diﬀraction induced by a single shot of the
probe pulse can be detectably strong; otherwise, the time
resolution will deteriorate by the averaging of many shots of
measurements over time. Each of the resultant single-shot,
single-molecule diﬀraction signals would contain the structural
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information of the molecule at the instant of the interaction
between the probe pulse and the molecule. Collection of a
suﬃcient number of such single-shot, single-molecule diﬀraction patterns will unveil the structural variations induced by
ﬂuctuations. In total, we need a suﬃciently short and intense
pulse of X-rays or electrons to realize this idea. Recent
development of X-ray free-electron lasers (XFELs) has
promised that such a scheme may be feasible in the future.
In our recent proposal of this novel experimental scheme,
called single-object scattering sampling (SOSS),6 the instantaneous structure of a single object is extracted from a single-shot,
single-object scattering image obtained using an intense and
extremely short X-ray pulse. By repeatedly capturing the
snapshots of the object, we can sample a phase space
representing all the possible structures involved in the structural
ﬂuctuation. We use the term “object” instead of “molecule”
because this technique can be potentially applied to any objects
such as small molecules, proteins, nucleic acids, macromolecular complexes, and nanoscale systems. At a glance,
SOSS may appear similar to the single-molecule diﬀraction
methods proposed earlier for structural characterization of
biological molecules since both methods make use of singleshot, single-molecule diﬀraction images to obtain structural
information of the target molecule. However, we note that the
ways of data processing and thus the information contents
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element of which is a single-molecule scattering image, as
shown in Figure 1b.
By mapping each experimental scattering image into the
reference library, we can extract the values for a set of bond
length and angular orientation (r, θ, φ). Then, by examining
the occurrence distribution of the values of each structural
parameter extracted from the scattering images, a probability
density function (PDF) of the structural parameter can be
reconstructed. In the case of a diatomic molecule, the PDF of
bond length (r) between two atoms corresponds to the
vibrational PDF, that is, the absolute square of the vibrational
wave function. Subsequently, the vibrational wave function can
be retrieved from the reconstructed PDF by taking the square
root of the PDF and assigning an appropriate sign for each
point. We note that, however, the phase information of a wave
function cannot be obtained by SOSS. Therefore, the
vibrational wave function retrieved by the SOSS experiment
corresponds to only the amplitude term of a complete timedependent wave function. The schematic of reconstructing
vibrational wave function from the single-shot, single-molecule
scattering images is depicted in Figure 2.

obtained by the two techniques are diﬀerent from each other.
In the initially proposed single-molecule diﬀraction methods,7−17 a 3D structure of a molecule with unknown structure
is reconstructed from the average of many single-shot
diﬀraction images of single molecules. In this case, the obtained
structure is, strictly speaking, an average structure of the
molecule that is constantly ﬂuctuating, and the structural
variation of the molecule is averaged out. In contrast, in SOSS,
a series of single-molecule diﬀraction patterns are measured for
a molecule, whose static structure is already available, and the
distributions of structural parameters of the molecule are
sampled from the measured individual diﬀraction patterns.
Therefore, the information on the structure of an object at each
instant of ﬂuctuation is kept intact in SOSS.
To verify the concept of SOSS, we performed a computer
simulation for a simple diatomic molecule, molecular iodine
(I2). Speciﬁcally, we examined the possibility of reconstructing
the vibrational wave function of the molecule from a series of
single-shot, single-molecule scattering images. The result
presented below demonstrates that the vibrational wave
function of I2 can be retrieved using the SOSS method as
long as we utilize ultrashort (∼1 fs) and intense X-ray pulses.
To the best of our knowledge, this paper presents the ﬁrst work
to examine the idea of experimentally probing the entire
distribution of structural variation (induced by the ﬂuctuation
of a molecule) and ultimately reconstructing vibrational wave
functions.
1. Concept. In SOSS, by sampling a signiﬁcant number of
such structural parameters of a ﬂuctuating molecule, we can
obtain the distribution of structural variation of the molecule.
The obtained distributions of bond length and bond angle are
equivalent to the square of the vibrational and rotational wave
functions, respectively. In reality, the shape of such a wave
function is usually assumed by a model function without
experimental veriﬁcation, but it can be directly probed by
SOSS.
To retrieve the structural parameters from each single-object
scattering image, we construct a reference library and then
adopt a method of correlation mapping into the library. A
reference library contains the scattering images calculated for all
the possible structures and orientations of the molecule. An
example of the reference library for I2 is shown in Figure 1. For

Figure 2. Schematic of retrieving vibrational wave function using
SOSS. First, single-shot, single-molecule scattering images of I2
molecules are collected by scattering experiment. In this work,
experimental images were calculated through a simulation instead of
being measured. The bond length corresponding to each experimental
scattering image is extracted by comparing it with a reference library
(i.e., correlation mapping) described in Figure 1. As a result of the
mapping, we can obtain an occurrence distribution of the scattering
images corresponding to a certain bond length, which represents the
PDF of bond length. The obtained PDF can be converted to a
vibrational wave function by taking a square root.

2. Simulation. To examine whether the concept of SOSS
can be realized experimentally, we performed a series of
simulations for molecular iodine. The SOSS simulation is
composed of three steps: (1) calculating (instead of measuring)
experimental scattering images from molecules of various
structures and orientations, of which the distributions are welldeﬁned (for example, by a vibrational wave function), (2)
making a reference library from all the possible variations of
molecular structure and orientation, and (3) mapping of
experimental scattering images into the reference library and
reconstructing the PDF of I−I bond length. The details of each
step and other considerations are described in the Supporting
Information (SI). In particular, we employed a simple
ionization model to account for the eﬀect of sample damage
(induced by X-ray radiation) on the scattering pattern as
described in Section C of the SI.
For an individual set of simulations, a total of 10 000
experimental scattering images were calculated and mapped
into the reference library. To calculate a scattering image, we

Figure 1. (a) Deﬁnition of structural parameters describing an I2
molecule. We assume that the X-ray pulse propagates along the z axis.
(b) A reference library as a function of r, θ, and φ that consists of
scattering patterns from single diatomic molecules. An element of this
library is a two-dimensional scattering image of a single I2 molecule
whose bond length is r, and angular orientation is designated by θ and
φ with respect to the X-ray propagation direction.

molecular iodine, the diﬀraction pattern is determined by only
one structural parameter, I−I bond length (r), and two
orientation parameters (θ and φ) deﬁning the angular
orientation with respect to the propagation direction of
incoming X-ray beam, as shown in Figure 1a. Therefore, the
reference library has the form of three-dimensional matrix, each
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with φ ﬁxed at a constant. As a reference PDF, three types of
functions were used: a delta function, a PDF of I2 in the ground
vibrational state and a PDF of I2 in the ﬁrst excited vibrational
state, assuming that the I2 molecule is a harmonic oscillator.
In order to ﬁnd the experimental condition required to
reconstruct a PDF with suﬃcient spatial resolution (smaller
than a few picometers), we ﬁrst examined the values of ρ and Δ
extracted from the reconstructed PDF while changing the
experimental parameters of X-ray intensity, pulse duration, and
angular orientation. In this case, the delta function was used as
the reference PDF. As a result, we found that ρ and Δ become
smaller as the X-ray pulse becomes more intense or shorter.
Also, it turned out that the quality of reconstructed PDF is not
aﬀected by the degree of angular orientation of the I2 molecule.
The detailed procedure and the results of these simulations are
described in Section G of the SI.
Then we applied the SOSS method to more realistic
reference PDFs than the delta function, that is, the groundstate and the ﬁrst excited-state vibrational PDFs of I2. In this
case, based on the results of simulations on the delta-function
PDF, we employed the X-ray pulse of 1 fs duration and the
ﬁxed angular orientation of the I2 molecule in one direction.
The reconstructed PDFs using the ground-state vibrational
PDF as the reference PDF are shown in Figure 3. When the X-

generated an I2 molecule of random structure and orientation,
of which I−I bond length is governed by a distribution given by
a well-deﬁned reference PDF. By mapping each scattering
image into the reference library, I−I bond length was extracted
from each experimental scattering image. By counting the
number of scattering images per each bond length, we
reconstructed the occurrence distribution of bond length, that
is, PDF of bond length. The agreement between the
reconstructed and reference PDFs, which will be deﬁned by
two parameters in the next section, varies depending on the
experimental condition and thus serves as a measure of the
performance of SOSS.
3. Instrument Response. If the SOSS experiment works
perfectly, the PDF of bond length reconstructed from the SOSS
experiment should exactly match the reference PDF that we
start with. However, in reality, the quality of the experimental
scattering image is not perfect because of many experimental
factors such as the limitation of signal-to-noise ratio, the ﬁnite
duration of X-ray pulses, and the sample damage by X-ray
radiation. Such limitation in the instrument response of the
experiment would broaden and shift the PDF reconstructed
from the experimental data compared to reference PDF, thus
deteriorating the spatial resolution of the experiment. To
quantify the broadening of PDF by the instrument response, we
need to deﬁne a measure of how well the experimental PDF
and the reference PDF match each other. Assuming that both
PDFs are Gaussian functions, the experimental PDF can be
related to reference PDF using a point-spread function (PSF)
and a shift function as follows:
P R (r ) = (P∗PSF∗S)(r )

(1)

where PR(r) is the PDF of bond length reconstructed from the
experimental data, P(r) is the reference PDF of bond length,
PSF(r) is the point-spread function, S(r) is the shift function,
and * is a convolution operator. In general, the PSF can be
assumed to be a Gaussian function centered at r = 0:
PSF(r ) = a exp( −r 2/(0.3607 × ρ2 ))

(2)
Figure 3. Reconstructed PDFs of bond length using the vibrational
PDF of the ground-state harmonic oscillator as reference PDF. Various
X-ray intensities were used: (a) 1010, (b) 1011, (c) 1012, and (d) 1013
photons per pulse. A total of 10 000 experimental scattering images
were calculated with a reference PDF (blue dashed line), which is the
square of the vibrational wave function of a harmonic oscillator in the
ground state. We assumed that the I2 molecule is perfectly aligned in
one direction, and the temporal duration of an X-ray pulse was set to
be 1 fs. Black squares represent the occurrence of scattering images
corresponding to a certain bond length. Red solid lines are the ﬁts of
the black squares using eq 1 and represent the reconstructed PDF of
bond length. Note that y-scales are diﬀerent between the plots.

where a is a normalization constant, and ρ is the full width at
half-maximum (fwhm) of the Gaussian function. The shift
function can be written as a Dirac-delta function:
S(r ) = δ(r − Δ)

(3)

where Δ is a shift parameter. The width ρ of the PSF and the
shift parameter Δ of the shift function can serve as measures of
the broadening and shift of PDF, respectively, induced by
instrument response. By comparing the reference PDF and the
PDF reconstructed from the (simulated) experimental data, we
extracted ρ of PSF and Δ of the shift function.
4. Reconstruction of Vibrational Wave Function. We
performed the reconstruction of a vibrational wave function
while varying the experimental condition including X-ray
intensity, pulse duration, angular orientation, and reference
PDF. Four diﬀerent X-ray intensities were used: 1010, 1011, 1012,
and 1013 photons per spot of 3-nm diameter. The pulse
duration of 1 or 3 fs was used because the sample damage is so
severe with longer pulses according to a preliminary simulation,
which addresses the eﬀect of X-ray radiation on the sample
damage as described in Section F of the SI. Three
conﬁgurations of angular orientation were considered for the
I2 molecule: (1) perfect alignment in one direction, (2)
variation of φ with θ ﬁxed at a constant, and (3) variation of θ

ray intensity is 1010 photons per pulse, the reconstructed PDF
is much broader than the reference PDF (Figure 3a). As the Xray intensity increases, it can be clearly seen that the
reconstructed PDF converges to its reference PDF. As the Xray intensity is increased by a factor of 10, the width of
reconstructed PDF becomes much closer to that of reference
PDF (Figure 3b). When X-ray intensity is larger than 1012
photons per pulse, the reconstructed PDF is nearly
indistinguishable from the reference PDF (Figure 3c and 3d).
As can be seen in Figure 4, the change in the shape of
reconstructed PDF with X-ray intensity is more dramatic when
the ﬁrst excited-state vibrational PDF is used as the reference
PDF. With the X-ray intensity of 1010 photons/pulse, the
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enough to reproduce the detailed features of the ground-state
and the ﬁrst excited-state vibrational wave functions of I2.
Unlike ρ, the shift parameter Δ, which reﬂects the shift
introduced by instrument response, is not aﬀected by the X-ray
intensity and stays nearly zero.
In this work, we demonstrated the prospect of retrieving the
vibrational wave function of I2 using SOSS as long as we can
capture instantaneous structures of a ﬂuctuating molecule using
femtosecond X-ray pulses. We suggest that the PDF of bond
lengths can be reconstructed using the SOSS method as long as
the X-ray pulse of suﬃciently short duration (1 fs) and high
intensity (1012 photons per pulse) is used. Subsequently, the
reconstructed vibrational PDF can be converted to the
amplitude term of the vibrational wave function.
For the realization of the SOSS experiment, there still remain
several technical obstacles to overcome. Unless photon ﬂux
and/or focusing size of an X-ray pulse is further improved than
currently available, a typical single-shot, single-object scattering
image would not contain high enough intensity for the
structural analysis. To minimize the error accompanying the
reconstruction of the PDF, we estimate that high intensity
(>1012 photons per pulse) and ultratight focusing (3 nm ×3 nm
focusing size) of the X-ray pulse is required. The intensity of
1012 photons per pulse is already available at XFEL. The
focusing size of 3 nm ×3 nm is still far from currently available
focusing range (∼1 μm at XFEL, and ∼7 nm at thirdgeneration synchrotron source).18−21 However, considering
that the X-ray focusing technique is developing rapidly, we
expect that the desired focal size can be achieved in the near
future. As an alternative, if we utilize more intense X-ray than
1012 photons per pulse, which should be available in the future
versions of XFELs, a little looser focusing might be acceptable
in terms of photon density. While the increase of the X-ray
ﬂuence is required, it is also important to consider an
appropriate method of providing fresh sample for the
measurement because an intense X-ray pulse will completely
destroy the target molecule even after a single interaction with
the molecule. For that purpose, a molecular beam generated by
supersonic expansion can be a good solution to supply fresh
sample for each X-ray pulse because of its well-deﬁned kinetic
energy and dramatic cooling of molecules.22,23 In addition, it
would be very diﬃcult to eﬃciently supply the molecular beam
into the extremely small X-ray focal spot (3 nm ×3 nm)
required for the SOSS experiment. As a result, it is expected
that many scattering patterns with nearly zero intensities will be
measured from the molecules not perfectly located within the
X-ray focal spot. We believe that such scattering patterns from
the misaligned molecules can be easily sorted out from the data
due to their small intensities.
The biggest advantage of SOSS is the sensitivity to rarely
populated structures that have short lifetimes and low
populations. According to the result of our simulation, it is
possible to capture the structure of the rarely populated states
using the SOSS method. For example, in Figure 4, we can see
that the molecules with r = 2.52 Å and r = 2.80 Å are counted
in the PDF of bond length despite their extremely low
occurrences. Such rarely populated states are often obscured in
ensemble measurements, where the measured signal is
dominated by only highly populated conﬁgurations. In this
sense, the SOSS method may serve as an excellent tool for
structural characterization of rarely populated states. In
chemical reactions24−27 and biological processes,28−31 the
states with extremely low population can play important roles

Figure 4. Reconstructed PDFs of bond length using the vibrational
PDF of a harmonic oscillator in the ﬁrst excited state as reference PDF.
Other conditions are the same as in Figure 3 except that the reference
PDF (blue dashed line) is the square of the vibrational wave function
of a harmonic oscillator in the ﬁrst excited state. Note that y-scales are
diﬀerent between the plots.

reconstructed PDF for the ﬁrst excited-state vibrational PDF
(Figure 4a) has a Gaussian shape and signiﬁcantly deviates from
the reference PDF. However, as the X-ray intensity increases, a
broad peak of reconstructed PDF becomes split into two peaks
(Figure 4b−d). With X-ray intensity larger than 1012 photons
per pulse, the two peaks are clearly resolved as shown in Figure
4c,d with a zero-intensity vibrational node between the two
peaks being observed.
To quantitatively assess the reconstruction of a vibrational
wave function, the reconstructed PDFs were ﬁtted using eqs 1,
2, and 3 to estimate the parameters, ρ and Δ, of the instrument
response. The resulting values of ρ and Δ are shown in Table 1.
Table 1. Result of PDF Reconstruction Using SOSS under
Various Experimental Conditions
reference
PDF
grounda
grounda
grounda
grounda
ﬁrst
excitedb
ﬁrst
excitedb
ﬁrst
excitedb
ﬁrst
excitedb

pulse intensity
(photons/pulse)

peak shift, Δ
(Å)

broadening, ρ (Å,
fwhm)

1010
1011
1012
1013
1010

−0.001
0
−0.002
−0.005
0.003

0.260
0.080
0.030
0.013
0.261

1011

0

0.077

1012

−0.002

0.029

1013

−0.005

0.015

The parameters deﬁning the broadening (ρ) and shift (Δ) of PDF
induced by instrument response was calculated by ﬁtting of the
reconstructed PDF based on eqs 1, 2, and 3. aVibrational PDF of a
harmonic oscillator in the ground state. bVibrational PDF of a
harmonic oscillator in the ﬁrst excited state.

We can see that the values of ρ and Δ for the two diﬀerent
reference PDFs (that is, ground-state and excited-state
vibrational PDFs) are almost the same. For a small photon
ﬂux, 1010 photons per pulse, the reconstructed PDF exhibits a ρ
value of 0.26 Å, which is not suﬃcient to depict the molecular
vibration occurring on the length scale of picometers. The poor
spatial resolution is attributed to the lack of the number of
photons scattered to the detector. When the X-ray intensity is
1012 photons per pulse, ρ is ∼0.03 Å, which should be good
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in the dynamic processes. For a complete understanding of
those processes, it is crucial to characterize the structure of
those rarely populated states. As an example, when
implemented in combination with time-resolved techniques,32−36 SOSS can be utilized to capture the transition states
of a chemical reaction that lie along the reaction coordinate.
Additionally, we discuss further applications of SOSS in Section
H of the SI.
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